We prove that the complements of all knots and links in S 3 which have a 2n-plat projection with absolute value of all twist coefficients bigger than 2 contain closed embedded incompressible nonboundary parallel surfaces. These surfaces are obtained from essential planar meridional surfaces by tubing to one side along the knot or link. In the case of a knot it follows that these surfaces stay incompressible in all manifolds obtained by non-trivial surgery on the knot.
Introduction
The existence of closed incompressible surfaces has long been of interest in the study of 3-manifolds. In this paper we use the fact that all knots and links L ⊂ S 3 have 2n-plat projections for some n (see Definition 2.1 and [1] ) to explicitly construct many such surfaces in the complement of each knot or link in a very large class. For basic definitions and facts see [1, 4, 5] .
Using standard terminology we will call an embedded incompressible and boundary incompressible surface in a 3-manifold which is not boundary parallel an essential surface. A surface with nonempty boundary in a knot or link complement S 3 \ N(L) will be called a meridional surface if all of its boundary components are meridians for L (where N() denotes the open neighborhood). A meridional surface S in S 3 \ N(L) gives rise to closed surfaces S by connecting pairs of boundary components of S by annuli which are contained in a regular neighborhood of L. We will say that S is obtained from S by tubing along L. Note that for each surface S there are many different ways of tubing along L, depending on which pairs of boundary components are connected. If the meridional surface S separates S 3 \ N(L), we will say that S is obtained from S by tubing along L to one side if all the annuli are contained in one component of (S 3 \ N(L)) \ S. Notice that tubing along L to one side rules out concentric tubes. (For a specific example, see Definition 2.4.)
In [3] we showed that if L ⊂ S 3 is a knot or link in a 2n-plat projection with sufficiently big crossing numbers, then S 3 \ N(L) contains at least 2n − 4 non-isotopic essential meridional planar surfaces (see Theorem 1.1 of [3] ). In this paper we show that the closed surfaces obtained by tubing along L to one side are essential if we make the conditions on the 2n-plats slightly stronger.
Our main result is: In [3] we could conclude the existence of closed essential surfaces in knot complements only by using Theorem 2.0.3 of [2] . However, here the surfaces are constructed explicitly and they exist in both knot and link complements.
Definitions
In this section we define our basic working tools. Definition 2.1. A knot/link has a 2n-plat projection if it can be projected onto a 2n-braid in some plane with "bridges" connecting the strings on the top and the bottom, so that the number of rows of crossings m is odd, as indicated in Fig. 1 . Each configuration in the ith row and the j th column indicates |a i,j | crossings which are positive or negative depending on the sign of a i,j , where 1 i m and 1 j n − 1 or 1 j n depending on whether the row is odd or even numbered, respectively. Definition 2.2. An n-tangle, n > 1, is a pair (B, T ) where B is a 3-ball and T is a collection of n disjoint arcs t 1 , . . . , t n properly embedded in B, and perhaps some simple T 1 ) contains the "right" portion of the 2n-plat projection and (B 2 , T 2 ) contains the "left" portion. Furthermore the 2-sphere S * i intersects the top and bottom ith bridges (counted from the left) and separates an odd numbered row of crossings into i − 1 boxes in (B 2 , T 2 ) and n − i boxes in (B 1 , T 1 ). It separates an even numbered row of crossings alternately into i boxes in (B 2 , T 2 ) and n − i boxes in (B 1 , T 1 ) or i − 1 boxes in (B 2 , T 2 ) and n − i + 1 boxes in (B 1 , T 1 ). Note that for each i there are two vertical 2-spheres depending on whether the second row contains i boxes in (B 2 , T 2 ) and n − i boxes in (B 1 , T 1 ) or i − 1 boxes in (B 2 , T 2 ) and n − i + 1 boxes in (B 1 , T 1 ). Thus there are a total of 2n vertical 2-spheres in a 2n-plat (so there are six in the 6-plat case). The intersection of a vertical 2-sphere with the projection plane is indicated by S 2 in Fig. 2 , for m = 9, n = 3.
A Definition 2.4. Given a planar surface S i as above with 2 i n − 1, let S i be the closed surface obtained by attaching annuli A j , 1 j (m + 1)/2 to S i along boundary components, where A j = ∂(N(t j )) ∩ Int(B 1 ) for 1 j (m + 1)/2. We will say that S i is obtained from S i by tubing along L to the right side. Define
If L is a link we might have components of ∂N(L) in both X 1 (i) and X 2 (i). Note also that S is a closed surface of genus (m + 1)/2.
In the 6-plat case, for i = 2, the tangle (B 1 , T 1 ), can be cut by a collection of disks D = {d 1 , . . . , d r } into subtangles, each of which is homeomorphic up to rotation and reflection (keeping the disks fixed) to one of the subtangles of types A, B and C in Fig. 4 (see Lemma 2.4 of [3] ). By "configuration of the strings" in a tangle we mean the linking pattern of the various strings, i.e., which strings link and in what order. The configurations of the strings in each of the subtangles of types A, B and C is determined by the parity of 
Proof of the theorem for 6-plats
In this section we prove a special case of Theorem 1.1 for knots and links admitting a 6-plat projection. This is a fundamental case in the argument for general 2n-plats. Throughout this section we assume that all the conditions required in Theorem 1.1 are satisfied by the knot or link L. Since the vertical 2-spheres S * i considered in this case all intersect the i = 2 bridges we will drop the index i = 2 for S * i , S i and S i . 
is not empty it consists of essential arcs in ( d i ) ∩ R, each of which has one of four types which we will call type α, β, γ , δ (see Fig. 5 ).
The arcs of ∆ ∩ ( d i ) cut ∆ into subdisks, at least one of which is an outermost subdisk E. The disk E is contained in a subregion R of X 1 of type A, B, or C and the boundary of E consists of an arc ρ of type α, β, γ or δ in some d i and an arc σ ⊂ (∂R \ (∂R ∩ ( d i ))). In order to prove that the compressing disk ∆ does not exist, we will prove that an outermost disk E does not exist in regions of type A, B or C. Case 1. The region R cannot have type A. If R has type A, the underlying subtangle (B, T ) for R is a 2-tangle and R contains no essential tori since it is a handlebody. Let a 1 be the number which corresponds to the crossings in the subtangle. In the terminology of [8] , (B, T , d i ) is an atoriodal a 1 -twist tangle and the disk E is a monogon. But since |a 1 | > 2, this is impossible by Lemma 2.1 of [8] .
Claim 1. It is sufficient to consider subregions R of type
Case 2. The region R cannot have type B. If R has type B, the underlying subtangle (B, T ) for R is a 3-tangle with strings t 1 , t 2 , t 3 . Let A i be the annulus ∂N(t i ) ∩ R for i = 1, 2, 3.
Claim 2. It is sufficient to consider arcs ρ of type α and β only.
Proof. If D is a properly embedded disk in a 3-manifold M so that ∂D intersects a simple closed curve C on ∂M transversely in a single point, then the boundary curve C of a regular neighborhood of C ∪ ∂D in ∂M bounds a disk D in M. The disk D is a union of two copies of D and a band along an arc in C. If the component F of ∂M which contains ∂D is not a torus, then D is a compressing disk of F .
Applying this argument to a compressing disk E in a region R which intesects the surface d i − N(T ) in an arc ρ of type γ or δ and a curve C which is one of the interior boundary components of d i − N(T ) intersecting ∂E once, we get a compressing disk E intersecting d i − N(T ) in an arc ρ of type α or β, respectively (see Fig. 5 ).
Subcase (i). The arc ρ cannot be of type α. If ρ is of type α then the subregion R cannot be of type B(1)-B (5) . Otherwise, the annulus A 1 has both boundary components on d i and the arc σ = ∂E \ ρ has both endpoints on one boundary component c of
to ∂d i which is non-trivial by Lemma 3.4 of [3] in contradiction. We may therefore assume that R is of type B (6)
-B(16).
Let (B, T ) be a trivial 1-tangle and let V be the solid torus B \ N(T ) shown in Fig. 6 . We will denote by R the region V ∪ Σ R which is obtained by gluing a twice-punctured disk Σ in ∂V to d i so that each component of ∂N(T ) ∩ ∂B is identified with a component of ∂A j for some A j in the boundary of R (see Fig. 6 ). Thus R = B \ N(T ), where (B , T ) is the 2-tangle obtained by capping off the tangle (B, T ) which defines R by the 1-tangle (B, T ). Let e be the disk in V bounded by ρ ∪ ρ shown in Fig. 7 and let E be the disk E ∪ ρ e. By construction, E ∩ ∂R = ∂E . Now suppose that ∂E bounds a disk D ⊂ ∂R . Let τ 1 , τ 2 be the strings of the 2-tangle T . Let A = ∂N(τ i ) ∩ R , where τ i is the string which intersects d i , and set A = A ∩ V . If A ⊂ D then D contains a meridian of T and this implies that there is a 2-sphere pierced once by T , which is impossible. Suppose A is not contained in D and D is not contained in R. In this case ∂D = σ ∪ ρ is isotopic in ∂R to ∂d i and D contains the disk ∂V − Σ. Let τ be the string of T such that ρ ⊂ ∂N(τ ) and let η be the band D ∩ ∂N(τ ). We can assume that after isotopy the annulus A * = E ∪ η has one boundary component ρ ∪ ρ and the other is ∂d i . Furthermore the two components of ∂A * bound an annulus A * * on the disk d i ⊂ ∂R. Since the region R is a handlebody the torus A * ∪ A * * compresses in R. It compresses to the "inside" as the "outside" is not a solid torus. If follows that A * boundary-compresses into A * * by compressing the essential arc of A * which is the core of the band η. Hence the disk E = A * − η is boundary parallel and therefore non-essential, in contradiction.
We may therefore assume that D ⊂ R. Let D be the disk E ∪ σ D, where σ = ∂E\ρ. If we isotope D slightly by pushing σ into Int(R), we obtain a disk in R with boundary ρ ∪ ρ isotopic in d i to ∂d i . But as before this is impossible by Lemma 3.4 of [3] . Therefore the existence of a disk E in R which intersects d i in an arc of type α implies the existence of a compressing disk E for ∂R and hence that R is ∂-reducible.
We can cut the 2-tangle (B , T ) by a properly embedded disk ∆ 1 into two 2-tangles B 1 and B 2 separating the a 2 twists from the rest of the tangle. We can then further cut the 2-tangle B 2 along a properly embedded disk ∆ 2 into two 2-tangles B 1 2 and B 2 2 separating the a 1 twists from the a 3 and a 4 twists as indicated in Fig. 8 . In the terminology of [8] Let D be the disk in B 1 2 \ N(T ∩ B 1 2 ) shown in Fig. 9 . Note that D does not intersect L and it has boundary x ∪ y ∪ z ∪ w, where: x is an arc of type δ on d i ; z is an arc of type δ on ∆ 2 ; y is an arc on ∂N(τ 1 ), and w is an arc on (∂B ∩ B 1 2 ) \ d i .
Claim 3. We can choose E so that
Proof. If E ∩ D contains simple closed curves then we can change E by cutting and pasting using an innermost curve argument to eliminate all such curves. If E ∩ D contains arcs then they must have their endpoints on the arcs w or z (or both), since E ∩ L = ∅ and
If there is an arc of intersection with both endpoints on w, we can change E by cutting and pasting and using an outermost arc argument to eliminate all such curves. If E ∩ D contains arcs with one or two endpoints on z, we can change E as before by an outermost disk argument to find another disk E with smaller intersection with ∆ 2 , in contradiction to the choice of E. Note that none of the cutting and pasting arguments increase the intersections E ∩ ∆ 2 or E ∩ ∆ 1 . Hence we can assume that E ∩ D = ∅.
Claim 4.
The intersections E ∩ ∆ 1 and E ∩ ∆ 2 contain no simple closed curves.
Proof. Suppose in contradiction that σ is a simple closed curve of E ∩ ∆ 2 . The disk ∆ * on ∆ 2 bounded by σ must contain at least one point of T ∩ ∆ 2 since otherwise the intersection of E with ∆ 2 is not minimal. It cannot contain the point τ 1 ∩ ∆ 2 , as this would contradict Claim 3 that E ∩ D = ∅. Thus ∆ * contains exactly one point of T ∩ ∆ 2 and this implies that there is a 2-sphere pierced once by L, a contradiction. We may therefore assume that there are no simple closed curves in the intersection E ∩ ∆ 2 .
If σ is a simple closed curve of E ∩ ∆ 1 which is innermost on E then, as before, the disk ∆ * on ∆ 1 bounded by σ must contain both of the points T ∩ ∆ 1 . The curve σ also bounds a disk E * ⊂ E which is in B 1 or in ( B, T ) = (B, T ) \ B 1 . It cannot be in ( B, T ). Otherwise, the 2-sphere E * ∪ ∆ * bounds a 3-ball in ( B, T ) which contains each strand of T which has an endpoint on T ∩ ∆ 1 . This is a contradiction since each such strand has an endpoint on ∂B, but E * ⊂ Int(E) implies that E * ∩ ∂B = ∅. Thus E * is in B 1 and hence a 2 is even. Otherwise the 3-ball bounded by E * ∪ ∆ * contains a string with an endpoint on ∂B which is a contradiction as above. Connecting the points of T ∩ ∆ 1 by an arc on ∆ 1 and the points of T ∩ ∂B ∩ B 1 by an arc on ∂B ∩ B 1 , we obtain a (2, a 2 ) 2-bridge link, which is non-split. This is a contradiction, since the disk E * must separate the two components of this link. Hence the intersection E ∩ ∆ 1 contains no simple closed curves.
Claim 5.
The intersection E ∩ ∆ 1 is not empty.
Proof. Suppose in contradiction that
2 by removing the string τ 1 . Thus by Lemma 2.1 of [8] , |a 1 | = 2, a contradiction. Therefore E ∩ ∆ 2 = ∅ and by Claim 4 it consists of arcs. Since E is a disk, the arcs of E ∩ ∆ 2 cut E into subdisks, at least two of which must be outermost. One of these outermost subdisks e has boundary disjoint from ρ. If e is in B [8] , (B # , T # ) is a 2-twist tangle, a contradiction. We may therefore assume that ρ is in the boundary of E and hence, as in the proof of Claim 5, E must intersect ∆ 2 . By Claim 4, E ∩ ∆ 2 consists of arcs which cut E into subdisks, at least two of which must be outermost. Hence at least one does not contain ρ in its boundary. As in the proof of Claim 5, the existence of an outermost disk e of E which does not contain ρ implies a contradiction to Lemma 2.1 of [8] . This concludes the proof of Lemma 3.1.
Proposition 3.2. There is no compressing disk for
Proof. Suppose in contradiction that there is a compressing disk ∆ ⊂ X 1 for S. By Lemma 3.1, we must have ∆ ∩ ( d i ) = ∅. Thus ∆ is in a subregion R of X 1 and ∂∆ ∩ ( d i ) = ∅. Let A j = ∂N(t j ) ∩ ∂R for the strings t j in the subtangle underlying the subregion R. In Theorem 3.7 of [3] we have shown that S = S \ A j is incompressible, hence we may assume that ∂∆ cannot be isotoped off A j .
Note that the disk ∆ must be a compressing disk for ∂R as well. Otherwise, ∂∆ bounds
But then a boundary component of one of the A j is in D. This is a contradiction, since each boundary component of A j bounds a disk pierced once by L.
We will now show that there is no such a compressing disk for any of the regions R. Either ∂∆ is trivial on T 2 or it is isotopic to a meridian of V . If it is trivial on T 2 then, since it does not bound a disk on ∂X 1 , it must be isotopic to ∂d i and hence disjoint from both A 1 and A 2 , a contradiction. Suppose it is a meridian of V . Note that there is a simple closed curve t in V which is the union of t 1 and a subarc of d i which connects the endpoints of L ∩ d i pushed slightly into the interior of V . The curve t intersects each meridian disk of V at least once, since |a 1 | > 2. But then t 1 intersects ∆, a contradiction.
Claim. It is sufficient to consider subregions R of type A and B only.

Proof. Suppose that R is of type C(m). Let
Case 2. The region R cannot be of type B. Suppose that R is of type B. Let R and (B , T ) be the region and 2-tangle obtained by capping off R and (B, T ) as in the proof of Lemma 3.1. If R has type B(m) then we will say that R has type B (m).
The compressing disk ∆ is also a compressing disk for ∂R by the same argument as in the proof of the claim. Hence we assume that R is ∂-reducible.
Suppose R has type B (6) . Then since E ∩ ∆ 2 is essential in P 2 the disk F must contain a meridian of L, which is impossible. Thus E is a compressing disk for ∂(B i 2 \ N(τ i )) and therefore in the terminology of [8] it is a monogon
is a 2-twist tangle, a contradiction. We may therefore assume that B 2 is not ∂-reducible. Now choose a compressing disk ∆ for ∂R so as to have minimal intersection with
Otherwise, we obtain a contradiction to case 1, since (B 1 , ∆ 1 ) is homeomorphic to (A, d i ) for a type A subtangle  A. If ∆ is in B 2 then, since B 2 is not ∂-reducible, ∂∆ must bound a disk F on ∂(B 2 \N(τ ) ),
then F ⊂ ∂R which contradicts the assumption that ∆ is a compressing disk for ∂R . If ∆ 1 ⊂ F , then F contains a meridian of L, which is impossible. We may therefore assume that ∆ ∩ P 1 = ∅.
Suppose σ is an innermost simple closed curve in ∆ ∩ P Thus, ∆ ∩ P 1 consists of arcs. We may assume that these arcs are essential in P 1 since otherwise ∆ does not have minimal intersection with ∆ 1 . The arcs of ∆ ∩ ∆ 1 cut ∆ into subdisks, at least one of which E is outermost. Let ρ = E ∩ ∆ 1 . Note that since ρ is essential it has type α, β, γ or δ in ∆ 1 as shown in Fig. 5 .
If E is in B 1 then E is a compressing disk for ∂( Proof. Any compressing disk ∆ for S must be in X 1 or in X 2 \ N(L), contradicting Propositions 3.2 or 3.3, respectively.
General 2n-plats
In this section we will prove Theorem 1.1 in the general case. We consider knots and non-split links L ⊂ S 3 in a 2n-plat projection where n 3 and m, the number of rows of crossings as in Definition 2.1, is odd and greater than or equal to 5. In addition, we assume throughout this section that |a i,j | > 2 for all crossing numbers a i,j . Let S * i be a vertical 2-sphere which intersects the top and bottom ith bridges (counted from left) of the 2n-plat projection for L (see Definition 2.3). Fig. 10 shows a vertical 2-sphere
, where (B 1 , T 1 ) is assumed to be the one on the "right". Let S i be the closed surface obtained by tubing the planar surface S i which is associated to S * i (see Definition 2.4). Recall that the surface
if L is a knot. By Proposition 3.2 there is no compressing disk for S i in X 1 (i) when i = n − 1, and by Proposition 3.3 there is no compressing disk for
The goal of this section is to show that the surface S i is incompressible, i.e., that both propositions hold for any choice of i, 2 i n − 1. Proof. The proof is the same as proof of Proposition 3.3, as the proof of Proposition 3.3 does not depend on i. Proof. The proof is by induction on k = n − i. In Proposition 3.2 we showed that S n−1 is not compressible in X 1 = X 1 (n − 1), i.e., k = 1. Assume that the claim of the proposition is true for all X 1 (n − j ), where 1 j < k n − 2. We will prove the claim for X 1 (n − k).
Choose the vertical 2-sphere S * i+1 so that the 3-ball B i+1 1 corresponding to the tangle on its right is contained in the interior of B i 1 , corresponding to S * i , so that the region Fig. 11 ).
In order to show that S i is incompressible in X 1 (i) it is sufficient to show that S i and S i+1 are incompressible in Y (i): As if ∆ is a compressing disk for S i in X 1 (i) minimizing the intersection ∆ ∩ S i+1 then, if the intersection is not empty then it is a collection of simple closed curves. An innermost such curve on ∆ bounds a sub-disk ∆ * ⊂ ∆ which is not in X 1 (i + 1) by the induction hypothesis that S i+1 is incompressible in X 1 (i + 1).
Hence it is in Y (i).
The space Y (i) is a submanifold of X 2 (i + 1) − N i and by Proposition 4.1, S i+1 is incompressible in X 2 (i + 1)\N(L) and in particular in X 2 (i + 1) − N i . Hence S i+1 is incompressible in Y (i).
To prove the incompressibility of S i in Y (i) consider the vertical 2-sphere S * n and the tangle it defines on the right side which is denoted, as before, by (B n , T n ) (see Definition 2.3). This tangle is a collection of some trivial arcs and isolated twist tangles. Proof of Corollary 1.2. Since our closed incompressible surfaces S are obtained by tubing a planar meridional surface S and since all boundary components of S are pairwise nonisotopic in S, it follows from a theorem of Menasco (see Theorem 4 of [6] ) that all such surfaces S will remain incompressible after all non-trivial Dehn surgeries, in the case that L is a knot.
If the manifold m obtained by some non-trivial Dehn filling on the knot L is reducible then, since the surface S is incompressible in m, the reducing 2-sphere cannot intersect it essentially. Furthermore it must be contained in N , the piece of the knot exterior on the side of S containing the torus boundary, since S 3 \N(L) is irreducible. The boundary of N has two components, a torus and the surface S. The manifold obtained by the trivial Dehn filling on the torus (it is a handlebody) has compressible boundary, and so by the Main Theorem of [7] all other Dehn fillings on N give irreducible manifolds. Hence M is irreducible. It follows that all the manifolds obtained by all non-trivial surgeries on L are Haken.
Conjecture 4.3. Given a link L ⊂ S 3 satisfying the conditions of Theorem 1.1 the 4n − 8 essential surfaces S i given by the theorem are non-isotopic, unless the knot is symmetric with respect to some vertical sphere S * i in which case the corresponding surfaces are isotopic.
